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The anharmonic soft modes discovered in recent numerical work in the glass phase of simple
liquids are investigated. The question is whether the gliding triangle motion of six atoms, frozen
on the saddle point between an octahedron and two edge-sharing tetrahedra, is the appropriate
eigenvector of these soft modes. The participation ratio and the fourth order potential term of
the numerical data indicate that the eigenvector is a combination of two to four gliding triangles,
possibly coupled by the strings observed earlier in numerical work. The conclusion is supported by
low temperature sound wave relaxation data in the metallic glass PdSiCu.
PACS numbers: 78.35.+c, 63.50.Lm
The low temperature properties of glasses around 1 K
differ dramatically from those of simple crystals [1]. Be-
low 1 K, two level states, coupling strongly to external
shear and compression, dominate the heat capacity and
the thermal conductivity [1, 2]. Above 1 K, the vibra-
tional spectrum shows a boson peak on top of the Debye
density of sound waves [1, 3].
There are successful empirical models like the tunnel-
ing model [4] and its extension to include low barrier
relaxations and soft vibrations, the soft potential model
[5–9]. But what is tunneling or vibrating there, and why
it couples so strongly to shear and compression, remains
an open question. It is clear that these soft modes freeze
in at the glass transition, when the sample is no longer
able to jump freely from one stable structure to the next.
From this point of view, an understanding of the glass
transition is essential for the understanding of the low
temperature anomalies.
The last three years brought two important new nu-
merical developments. The first was the discovery of
localized vibrational soft modes in glasses [10–13] with
the vibrational density of states g(ω) ∝ ω4 (ω frequency)
predicted by the soft potential model [6–9] and exhibit-
ing the strong positive fourth order term in the mode
potential [10] which the soft potential model needs for a
common description of tunneling states and vibrations.
The second was the swap mechanism for simple liquids
[14], which enables the numerical cooling of simple liq-
uids down to temperatures which are even lower than the
glass temperature of real liquids. The application of the
swap mechanism to undercooled liquids revealed the cen-
tral role of the soft localized modes for the understanding
of the mode coupling transition [15].
The present paper intends to check whether the new
numerical data [10–13] are compatible with an earlier Es-
helby explanation of the boson peak in metallic glasses
[16]. This explanation relates the soft modes to the glid-
ing triangle transformation from an octahedron to two
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FIG. 1: The gliding triangle shear transformation [16] in sim-
ple liquids converts the six-atom octahedron on the left side
into two edge-sharing tetrahedra on the right.
edge-sharing tetrahedra in simple liquids in Fig. 1.
In this case, the configurational coordinate of the local
rearrangement is itself a pure shear strain. At the saddle
point, the positive restoring forces from the surrounding
elastic medium are equal (or very nearly equal, depend-
ing on the Poisson ratio [17]) to the negative restoring
forces at the maximum of the local energy barrier. This
follows from the Eshelby theory [17] under the assump-
tion that the negative curvature at the local structural
energy maximum has the same absolute value as the posi-
tive curvature at the two minima. By freezing the gliding
triangle in near to its energy maximum, one gets a soft
mode.
The gliding triangle transformation is also connected
to an old topological problem, namely the closest packing
of spheres in three dimensions [18]. Looking at Fig. 1,
one realizes that this shear transformation is the one in
which an octahedral interstitial hole between six atoms is
created or destroyed. A hypothetical purely tetrahedral
packing of spheres without octahedral holes would fill a
fraction of 0.78 of the space with spheres, but the two
closely packed crystal structures, fcc and hcp, fill only
a fraction of 0.7408, because there is one octahedral in-
terstitial hole per atom in these two structures, which is
obviously necessary for the creation of a periodic struc-
2ture.
From a theoretical point of view the gliding triangle
motion is the logical candidate for the soft modes in ran-
dom close packing. But so far existing numerical evi-
dence points into another direction, the string-like mo-
tion observed first in numerical work on soft modes and
low-barrier relaxations in the glass phase [19] and later
in the flow processes at the glass transition [20] of simple
liquids.
Note, however, that the string motion supplies neither
negative contributions to the restoring force constant nor
a coupling to the sound wave distortion. These two es-
sential components might be supplied by two gliding tri-
angles at the beginning and the end of the string.
Therefore the analysis [16] of the gliding triangle shear
transformation to derive the parameters of the tunneling
and the soft potential model will be generalized here to
cases where the configurational coordinate of the trans-
formation of the region is no longer a pure strain. Fol-
lowing [16], we describe the two structural minima of the
core by a cosine potential and the outer restoring forces
by a quadratic term in the mode coordinate y
V (y) = v4(cos y − 1 + y2/2), (1)
where it is already assumed that the zero point of the
outside forces coincides with the top of the core barrier
and that one has perfect cancellation of the harmonic
inside and outside terms, leading to the approximation
V (y) =
v4
24
y4 (2)
in the neighborhood of y = 0. Note that the creation
energy of the mode is 2v4, the height of the frozen saddle
point for the core potential.
The crossover energy W between tunneling states and
vibrations in the soft potential model is the zero point en-
ergy in this quartic potential, determined by the equality
of potential energy and kinetic confinement energy. To
calculate the kinetic confinement energy, one needs to
know how many atoms move in the mode.
To characterize the atomic motion, let us consider the
potential minima of the core at y1,2 = ±π, and denote by
ui the displacement of atom i with the atomic mass Mi
from the frozen saddle point. For a given y, the atomic
displacement xi = yui/2π, so the normal coordinate A
of the mode (defined by the kinetic energy A˙2/2) is given
by
A2 =
y2
4π2
N∑
i=1
Miu
2
i , (3)
where the sum extends over all atoms in the sample. The
normal coordinate relates the atomic displacement vector
~xi to the normalized eigenvector ~ei of the mode
~xi =
A
M
1/2
i
~ei (4)
where the sum over ~ei
2 for all atoms equals one.
According to the definitions of the soft potential model
[8]
W ≡ 4π
2
~
2
2y2
0
∑N
i=1Miu
2
i
=
v4
24
y4
0
, (5)
where the left part defines y0 by the equality of potential
energy and kinetic confinement energy and leads to
y0 = 2
3/431/4
W 1/4
v
1/4
4
(6)
and
W =
π4/3
61/3
(
~
2∑N
i=1Miu
2
i
)2/3
v
1/3
4
. (7)
For a single gliding triangle, v4 = 3GVa/4π
2 (G shear
modulus, Va atomic volume) as shown previously. But
the calculation of the outside contribution to the kinetic
energy of the previous paper [16] needs to be corrected.
Let us express the displacements in units of the atomic
radius ra, where 2ra is the nearest neighbor distance.
The atomic volume Va = 4πr
3
a/3p, where p = 0.637 is
the random close packing of spheres [18]. The six inner
atoms in Fig. 1 move by the distance ra/
√
3 between the
two structural minima, corresponding to a shear angle of
1/
√
2. The six atoms occupy a sphere with radius rk =
(6/0.637)1/3ra = 2.11ra. Outside, one has to assume a
shear decreasing with 1/r2, where r is the distance from
the center of the sphere. But it does not start with 1/
√
2
at rk, but rather with the additional factor r
2
oct/r
2
k, where
roct = ra
√
2 is the distance of the six atom cores from
the center.
With this factor, the inner and outside kinetic energies
are very nearly equal. This implies ~ei
2 = 1/12 for the
six core atoms. Calculating the contribution from the
outside to the sum over (~ei
2)2, one finds 0.03, so from the
participation ratio the number Np of atoms participating
in the mode is
Np =
1∑N
i=1(~ei
2)2
= 14. (8)
For the normal coordinate A, the potential close to
zero is χ4A
4 with
χ4 =
π2
32
GVa
M2r4a
. (9)
In the simulation units [10], G = 14, Va = 1.22 (so
ra = 0.57) and M = 1, so χ4 = 49.9. Fig. 2 com-
pares the calculated gliding triangle values Np and χ4 to
the numerical results [10, 13].
The gliding triangle values lie still within the distri-
bution of the numerical data, but deviate from the av-
erage values. The participation ratio is a factor of three
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FIG. 2: Comparison of (a) the participation number Np (b)
the fourth order potential coefficient χ4 of the gliding triangle
(continuous lines) to numerical results [10, 13]. The numerical
results are plotted as a function of the frequency in units of
the lowest possible phonon frequency 2pivt/L (vt transverse
sound velocity, L simulation cell length).
smaller, the fourth order term a factor of two. But the
numerical data have such a large scatter of participation
numbers and fourth order terms that one wonders if they
are really due to a single kind of mode. Also, one won-
ders how large the scatter of their W -values will be and
whether the soft potential model can still hold.
To quantify the scatter, one can describe it in terms
of a gaussian on a logarithmic scale. For the non-swap
data at higher temperature [10, 11], the full width at half
maximum of this gaussian is about a decade, for the swap
data [13] more than a decade.
Such a large logarithmic width, however, is not com-
patible with soft potential fits of low temperature anoma-
lies in real glasses. This is shown in Fig. 3 for the soft po-
tential fit of low temperature specific heat cp-data [1, 21–
23] of vitreous silica. The fit uses the theoretical boson
peak expression for the soft potential model [9] and has
three parameters: the density of states of the soft poten-
tial model, the boson peak frequency and the crossover
energy W . A broad distribution of W -values tends to
increase the minimum in cp/T
3 between tunneling states
and soft vibrations away from the measured one, a dis-
crepancy which is impossible to repair by a readjustment
of the parameters.
An alternative test for the width of the W -distribution
is provided by the crossover from the tunneling plateau
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FIG. 3: Influence of a broad distribution ofW -values (FWHM
one decade) on the soft potential fit of heat capacity data
[1, 21–23] in vitreous silica.
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FIG. 4: Influence of a broad distribution ofW -values (FWHM
one decade) on the soft potential fit of sound absorption data
[24] in a metallic glass.
in the sound wave absorption at a single given frequency
to the Tα-rise due to classical relaxation in low-barrier
double-well potentials [8]. α is 3/4 for a constant den-
sity of force constants around zero, but diminishes if the
density decreases toward negative force constant values.
Fig. 4 shows that one can again exclude the width of one
decade from data [24] in the metallic glass PdSiCu.
Naturally, the crossover from vibrations to tunneling
states occurs at rather low frequency, less than one per-
cent of the Debye frequency. If one looks at the distri-
butions in Fig. 3 of reference [10], one realizes that their
width narrows down toward lower frequencies, strong
enough to remain compatible with the results in Fig. 3
and 4 of the present paper.
One also realizes from the same Fig. 3 of reference
[10] that the narrowing is not accompanied by a shift
of the average value. This implies that the deviation of
the gliding triangle values from the average has to be
taken seriously. One has to combine two to four gliding
triangles to obtain the average participation ratio of the
numerical data at higher temperature [10, 11], with a
4fourth order term which is twice as large as the one for
a single gliding triangle.
In the case of the swap data [13], there is no such clear
deviation; in fact, in this case one finds participation ra-
tios going down all the way down to a single moving
particle. But in this case one has a polydisperse parti-
cle mixture [14], with small particles able to enter the
tetrahedral interstitial holes between the large particles,
which might create a different physical situation.
The existence of the strong scatter in participation ra-
tios and fourth order terms at higher frequency is easy
to explain, even if there is only a single kind of soft mode
and the frequency lies low enough to avoid the resonant
interaction with sound waves for the given cell dimension.
One still has the resonant interaction between two soft
modes at the same frequency via their strong coupling to
higher-frequency sound waves [9], causing a broadening
which increases with frequency ω because the number of
modes in a given frequency window increases with ω4.
The conclusion of two to four gliding triangles in a sin-
gle soft mode is supported by the data in Fig. 4. From
the position of the crossover, W/kB = 2.7 K, while eq.
(7) predicts W/kB = 6.3 K for a single gliding triangle
(PdSiCu has the average atomic mass 90.9 a.u., the den-
sity 10400 kg/m3, and the shear modulus G = 31.8 GPa
[25]). To bring the value down to the measured one, one
needs the kinetic energy of 3.8 gliding triangles in eq. (7).
To conclude, the participation ratio and the fourth or-
der term of the soft modes in new numerical data suggest
that they consist of several gliding triangle modes, cou-
pled together by strings.
Thanks are due to Edan Lerner for help with the sim-
ulation units, to Miguel Angel Ramos for insisting on a
return to the topic and to Herbert Schober for a helpful
discussion.
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